The ǫ-regime of dilaton chiral perturbation theory is introduced. We compute the dilaton mass, the chiral condensate and the topological susceptibility in the ǫ-regime, as a function of the fermion mass. The microscopic spectral density of the Dirac operator is obtained from dilaton chiral perturbation theory. Our main result is that the chiral condensate and the spectral density are related to their counterparts from ordinary chiral perturbation theory via a simple scaling relation. This relation originates from the mass dependence of the dilaton potential, and is valid in both the ǫ-regime and the p-regime. In the ǫ-regime, moreover, all results agree with the universal predictions to leading order in ǫ.
I. INTRODUCTION
Lately, a large number of studies have appeared of QCD-like theories using lattice techniques originally developed for studying QCD, for reviews see Refs. [1] [2] [3] [4] . In particular, theories where the number of fermions or their representation suggest that the theory could be in a (confining but) near-conformal phase have drawn a lot of attention. One of the interesting outcomes is the observation of a light scalar particle in addition to the usual mesonic modes (the "pions"), see Refs. [5] [6] [7] [8] [9] for recent examples. The possible nature of this additional mode is still an open question; an exciting possibility is that it is a pseudo Nambu-Goldstone mode associated with approximate dilatation symmetry (see the above reviews). A fruitful way to address this question is to include the additional mode within the framework of low energy effective field theory (EFT), and match the predictions thereof with the results obtained from the underlying lattice theory. Possible low-energy effective theories which take into account both chiral and conformal symmetry go back to Refs. [10, 11] .
Recently, in Refs. [12] [13] [14] [15] , a systematic low energy theory was formulated as an extension of chiral perturbation theory assuming that the additional light scalar mode is a pseudo Nambu-Goldstone mode associated with the almost restored dilatation invariance. The first tests of this effective theory against lattice results are encouraging [9, [15] [16] [17] [18] , and we will follow this approach in the present work.
The ǫ-regime of chiral perturbation theory (χPT) [19, 20] has lead to a surprising wealth of insights into QCD, and the interplay between numerical lattice QCD and analytic results from the ǫ-regime of χPT has helped developing both lattice QCD and chiral perturbation theory. For example the analytic analysis of order a 2 effects [21] [22] [23] [24] [25] [26] [27] [28] has explained why the width of the distribution of the smallest eigenvalues of the (massive) hermitian Wilson-Dirac operator scales with the square root of the volume close to the continuum, as first observed on the lattice [29] . Likewise the analytic analysis for non-zero quark chemical potential [30] [31] [32] [33] in the ǫ-regime has given substantial new insights into the sign problem in lattice QCD.
In this paper we define and perform a first study of the ǫ-regime of chiral perturbation theory extended to include the dilatonic meson (dχPT). One technical advantage of the ǫ-regime of dχPT as compared to the p-regime studies in Refs. [12, 13, 15] is (as in ordinary χPT [19, 20, 34, 35] ) the possibility of evaluating the partition function explicitly. In order to extend this property to dχPT we define the new power counting such that effectively the pions are in the ǫ-regime, while the dilaton is kept in the p-regime. As discussed below, other counting schemes are possible, but, because the dilaton is described by a non-compact field, they lead to integrals over the dilaton potential that include asymptotic field values which are outside the domain of our effective field theory. Our chosen counting allows us to address the influence of the dilatonic meson on the fermion mass dependence of the topological susceptibility, the chiral condensate and the average Dirac spectrum.
At leading order in the ǫ-counting the results all agree with the universal predictions of ordinary chiral perturbation theory. The new dependence induced by the dilaton enters at next to leading order, when the pion mass is in the ǫ-regime. We find that the chiral condensate and the spectral density are related to their counterparts from ordinary chiral perturbation theory via a simple scaling relation. This relation can be traced back to the mass dependence of the dilaton potential, and, as it turns out, is valid both the ǫ-regime and the p-regime.
The paper is organized as follows. After a brief review of dilaton chiral perturbation theory in Sec. II we discuss the possible counting schemes in Sec. III and reanalyze the structure of the dilaton potential in Sec. IV. Section V contains the results obtained in the ǫ-regime of dχPT for respectively the dilaton mass, the topological susceptibility and the chiral condensate. In Sec. VI we derive the average eigenvalue density for the massless Dirac operator. Finally, Sec. VII sums up the conclusions. Some technical details regarding the calculation of the topological susceptibility are relegated to App. A, while a few explicit results for the partition function and the generating functional are derived in App. B.
II. DILATON CHIRAL PERTURBATION THEORY
In addition to the pseudo-scalar Nambu-Goldstone bosons associated with chiral symmetry breaking, which we will refer to as "pion" fields from standard χPT, dilaton chiral perturbation theory includes a real scalar field τ representing the light dilatonic meson ("dilaton," for short) associated with weak breaking of dilatation invariance. This effective field theory was derived in Ref. [12] on the basis of the assumption that the dilaton can be interpreted as a pseudo Nambu-Goldstone boson associated with a weak breaking of dilatation symmetry, postulated to occur outside, but in the vicinity of the conformal window in theories with N f fermion flavors in the fundamental representation of the gauge group. The connection between the underlying gauge theory and the effective theory is made through the introduction of sources χ and σ for the pions and dilaton, respectively. In this construction, the sources are endowed with transformations under the relevant symmetry group, elevating them to spurions. Here we will review the transformation properties of the pion and dilaton fields as well as the spurion fields χ(x) and σ(x). The possible terms in the EFT, dχPT, are determined by the invariance properties under these transformations.
We start off with the chiral transformations. For the pion field U(x) ∈ SU(N f ) we have
while the τ field is unaffected.
The fermion mass explicitly breaks this symmetry and to encode this into the effective theory it is promoted to the associated spurion χ, which transforms as
After the construction of the EFT, the spurion field χ is set equal to the fermion mass m.
Under dilatations, the spurion σ transforms as [12] σ(x) → σ(λx) + log λ ,
where λ is the scale factor. Just like the pion field U transforms like the source χ, the effective dilaton field τ transforms like σ, and, in addition to Eq. (3) dilatation transformations act on all fields as
where y = 3 − γ * with γ * the mass anomalous dimension at the nearby infrared fixed point [12] . We note that it is the renormalized mass spurion χ(x) which transforms this way [14] .
It will be sufficient for our purposes to consider only a constant dilatation spurion field, σ(x) = σ 0 , which transforms as σ 0 → σ 0 + log λ.
We will consider the theory in a volume V = L 4 with periodic boundary conditions, which also breaks dilatation symmetry explicitly. However, again the symmetry can be restored formally if we let also L, the side-length of the box, be a spurion transforming as
Using these fields the simplest non-trivial Lagrangian L for which the action S = 
with (working in Euclidean space)
L
where The functional forms of V π , V τ , V m and V d are unconstrained by symmetry and call for a counting scheme to be introduced. We will turn to this in the next section.
III. ǫ-COUNTING AND LEADING ORDER LAGRANGIAN
In this section we will introduce the ǫ-counting scheme and identify the lowest order Lagrangian. As we will hold fixed the number of flavors, N f , i.e., the "distance" to the conformal window, the amount by which dilatation symmetry is broken (in the massless theory) is also fixed. In current simulations [5] [6] [7] [8] [9] , the dilaton mass is in the p-regime. We will thus assume that the dilaton is in the p-regime, but consider the situation in which the fermion mass m is chosen small enough that the pion mass is in the ǫ-regime. As we will Term p-counting ǫ-counting explain in section VI, this counting is also natural when we consider the valence and ghost quarks of the generating functional for the Dirac eigenvalues.
A. Definition of the ǫ-counting
In Ref. [12] the p-regime was considered. The small parameters in this counting are
1
with
where N * f (N c ) is the largest number of fundamental-representation flavors for which the SU(N c ) gauge theory still confines. The difference n f − n * f < 0, which measures the distance from the conformal window, controls the explicit (hard) breaking of scale invariance coming from the running of the gauge coupling. This is similar to the way m controls the explicit breaking of chiral symmetry in standard χPT [36] . (Of course, m breaks scale invariance as well.) Throughout this paper we invoke the Veneziano limit (13) in order to treat n f − n * f as a continuous parameter. This requires 1/N ≤ |n f − n * f | ∼ δ, but otherwise we will not demand any particular relation between 1/N and δ.
In this paper we instead consider dχPT in a different counting, in which the pion mass is in the ǫ-regime. There are different possible choices; we choose to define the ǫ-counting This corresponds loosely to treating the pion field in ǫ-counting while the dilaton field is kept in p-counting. For small m, we have m 2 π ∼ m, and so this choice implies m π L ≪ 1.
keeps the dilaton in the p-regime.
A comparison of the p-and ǫ-countings is shown in table I. LECs are always order 1.
As for the Veneziano limit, we have that
ensuring that the pion and dilaton masses are O(1) in the large-N counting as well.
When using ǫ-counting in standard χPT the partition function separates into a group integral over the zero-modes and a path integral over the non-zero modes [19] . As we will show below this still holds with the added dilatonic terms, at least when the dilaton is kept in the p-regime. Table II shows the various choices one can make for the counting of both pion and dilaton degrees of freedom, along with the choice we make in this paper, in which
In principle, one might also consider a theory with the dilaton in the ǫ-regime, by choosing δ ∼ ǫ 4 . However, in this case, it is not clear how to proceed. An additional assumption about the behavior of V d for τ → −∞ would be needed, and higher order terms would have to come into play, because, with the form of V d discussed below in Sec. IV, the integral over τ diverges in that region. This is beyond the scope of the present paper, in which we keep the dilaton in the p-regime, and thus we only need to consider small fluctuations of the τ field, including for its zero mode. This assumption is only self-consistent in the p-regime.
IV. THE MINIMUM OF THE DILATON POTENTIAL IN THE CHIRAL LIMIT
In the ǫ-regime of standard χPT it is advantageous to express the pion field through its zero mode part U 0 and its non-zero mode part ξ(x) [19] . The U 0 part of the standard-χPT path integral factorizes and may then be performed independently to obtain the functional dependence of the partition function on the quark mass, to leading order in ǫ. In order to see how this works in the presence of the dilaton in dχPT, we first need to consider the potentials V i appearing in the Lagrangian (6), in particular, V m and V d . In the following we discuss the minimum of the dilaton potential in the chiral limit; we will return to the effective dilaton potential for non-zero quark mass in Sec. V. We will use the counting scheme defined in Eq. (14) .
It was shown in Ref. [12] and App. A of Ref. [15] that the potentials can be reorganized such that, keeping the constant spurion σ 0 ,
introducing an infinite number of LECs c i,n . 1 For V d , this form depends on some mild assumptions [15] . The key point here is that the n-th term in the expansion is of order δ n .
This provides a power counting such that at any given order only a finite number of the c i,n come into play, thereby making the EFT predictive. With σ 0 transforming as in Eq. (3), the action is invariant under dilatations, treating the c i,n as additional invariant LECs. Setting σ 0 = 0 recovers the action of Ref. [12] . 2 With the power counting of Eq. (14), to lowest order we need to keep only the terms with n = 0 in the potentials V π,τ,m , and, moreover, we can choose c i,0 = 1 for these three potentials, as the overall normalization can be absorbed
into the LECs f π , f τ and B π . Terms with n larger than zero contribute at higher orders in the expansion in the small parameter δ.
1 Each of these LECs can be expanded in powers of (n f − n * f ), with the expansion of c i,n starting at (n f − n * f ) n [12] . However, at fixed n f , no information about the coefficients in this expansion is available. 2 The dilatation transformation of σ 0 reproduces the spurion transformation rules of the coefficients c i,n discussed in App. C of Ref. [12] .
The potential V d needs to be considered more closely. The leading-order dilaton potential for zero quark mass is given by
where, as in Eq. (16),
The exponential 18), and thus,
In addition, it is assumed that the minimum of the dilaton potential is unique; at this minimum, V cl (v) < 0 [15] . It follows that by choosing
we can arrange that τ = 0. The upshot is that, for m = 0, we can set v = 0. The choice of σ 0 defines the origin of the τ axis. Other choices will lead to exponential factors which in turn can be absorbed into the LEC's [12] .
With the choice (19) for σ 0 (and a rescaling of B τ ), to order δ ∼ n f − n * f the classical potential for the dilaton in the chiral limit takes the form
where we set c 1 ≡ c d,1 , and the field τ does not have a zero mode, because v = τ = 0.
Introducing the dynamical pion fields ξ(x) through
we expand the effective Lagrangian of Eq. (6) in terms of ξ(x) and τ (x) and assess the magnitude of each term through the Gaussian damping in the path integral. This is a stepping stone towards determining the order of all terms in the effective theory. In the following, the fermion mass is chosen to obey ǫ-counting and we will use v(m = 0) = 0 as found above. Setting χ = mI, the resulting Lagrangian terms up to quadratic in the fields are
Terms linear in ξ and τ do not appear in these expressions because the zero modes have been separated out explicitly, and thus d 4 x ξ(x) = d 4 x τ (x) = 0.
From Eq. (25), the mass of the dilaton in the chiral limit is found to be
The fluctuations in the dilaton field are limited by both the dilaton kinetic term L τ and the dilaton potential L d in the partition function to
Likewise the kinetic term L π limits the fluctuations in the pion fields to ξ ∼ ǫ .
We note that the ξ-dependent part of L m is of order ǫ 6 , while all other terms shown in Eqs. (22) (23) (24) (25) are of order ǫ 4 , not counting the constant term in L d .
V. THE ǫ-REGIME OF dχPT
A main result at leading order in the ǫ-regime is the possibility to evaluate the partition function explicitly. This remains possible in the ǫ-counting for dχPT we are considering where the pions are in the ǫ-regime, while the dilaton is kept in the p-regime.
For any physical quantity accessible to our EFT, there are two types of contributions in terms of powers of ǫ: those that depend on the fermion mass m, and those that do not. In this paper, we will be focused on those that are dependent on the fermion mass m. The motivation for this is the application to lattice simulations with fixed n f and volume, but with varying fermion mass.
A. Factorization of the leading order partition function
From the discussion in the previous sections we observe that the leading-order terms in the effective Lagrangian, Eqs. (22) (23) (24) (25) , do not couple U 0 to the dynamical fields ξ(x) and
τ (x). Since the measure for U = U 0 exp(i √ 2ξ) factorizes [19] , the leading-order partition
Unless otherwise stated we will take m = m * real, but we wrote Eq. (30) such that it is valid for complex m as well. We have restored the dependence on the dilaton vacuum v = v(m),
which is now determined by minimizing the potential
where V eff was defined above, and V cl is given by Eq. (20) .
We will now use this partition function to address how a small quark mass affects the dilaton mass M τ , and how the topological susceptibility and the chiral condensate are affected by the presence of the dilatonic meson.
B. Effective potential and τ -mass correction due to a small m Consider the expression in the exponent of the integrand in Eq. (30),
In the ǫ-regime x is O(1). Therefore, V eff defined by Eq. (30) takes on the form −h(x)/V, where h is an O(1) function of x. 4 The potential (31) then takes the form
3 As usual, the partition function for a fixed topological sector is defined by integrating over U(N f ) instead of SU(N f ) while inserting det ν (U 0 ) into the integral in Eq. (30). 4 For general N f no explicit expression for h(x) is known, to the best of our knowledge.
and v solves the equation
Since f 2 τ B τ c 1 V is of order 1/ǫ 2 , it follows that the solution of this equation is of order ǫ 2 . This implies that we can expand in terms of v, and, to order ǫ 2 , we find v(m) = y 4
Later in this section we will compute the corrections to the topological susceptibility and the chiral condensate due to v. Since v is of order ǫ 2 these corrections enter at the NLO level in the ǫ-regime. First, however, we turn to the effect on the dilaton mass.
The dilaton mass may be expressed in terms of the function h and its derivatives:
where in the first line we used Eq. (34) and in the second line we expanded in v ∼ ǫ 2 and used Eq. (35) . The m-dependent part of M 2 τ is of order ǫ 4 , i.e., of order ǫ 2 relative to its value in the chiral limit.
If x ≪ 1 we can express the resulting integral in terms of a power series in x [19] , and we find, for N f > 2 and to first non-trivial order, that
yielding the effective dilaton potential for non-zero m,
which is of order ǫ 2 x 2 . The dilaton mass for non-zero m is given by
= 4B τ c 1 (1 + (6 − 2y)v(m)) .
As already mentioned, there are also O(ǫ 2 ) corrections to these results that do not depend on the fermion mass m. For example, one may calculate the NLO correction to the potential V of Eq. (33) in the chiral limit, and this will lead to m-independent NLO corrections to v.
However, such an NLO correction can be absorbed into a field redefinition, by shifting σ 0 in Eq. (19) such that v = 0 to NLO. In general, m-independent corrections are proportional to n f − n * f , hence the interesting NLO corrections are those that do depend on m, because they can be probed by varying m in numerical simulations of a given theory, i.e., for a fixed n f . We will thus restrict ourselves also in the following to m-dependent NLO corrections only.
C. Topological susceptibility
As can be seen from Eqs. (29) and (30), apart from the factor of e −VV cl , the dilatonic vacuum modifies the leading-order ǫ-regime partition function by a scaling of the mass by e yv . Let us promote the mass parameter to a complex variable, me iθ , so that the dependence of the leading order partition function (30) on m, θ and v is now through the combination me iθ e yv . The topological susceptibility 5
may then be obtained from the expressions for ν 2 (m) derived in Ref. [20] by replacing m with me yv . Arriving at this result is in fact not entirely as trivial as it would seem at first, and we refer to App. A for more details.
For N f = 2 it is possible to evaluate the partition function and the topological susceptibility in closed form [20] . For higher N f (e.g., N f = 8, relevant for the near-conformal QCD-like theories) we will content ourselves with the asymptotic form valid for x ≫ N f , ν.
The details may be found in App. A. The result [20, 37] 
from which, using Eq. (A6), we obtain the asymptotic result 5 We trust that the use of the conventional symbol χ to denote the topological susceptibility will not lead to confusion even though the mass spurion is also conventionally denoted by χ.
D. Chiral condensate
Similarly we may consider the effect of including the dilaton on the chiral condensate
in the ǫ-regime. Note that Z (dχPT) depends on m also through v(m). The terms resulting from the m-dependence of v, however, take the form ∂v ∂m
where V is given by Eq. (31) . This vanishes, because ∂V /∂v = 0 at the minimum of the potential. Therefore, as for the topological susceptibility, the impact of the dilaton enters through the scaling of the mass m → me yv in Eq. (30) , and the chiral condensate is found
Here ψ ψ (χPT) (m) is the result from standard χPT in the ǫ-regime, see Refs. [19, 20] . Once again, v = v(m) is the minimum of the potential (31) .
The scaling relation (46) is in fact valid in complete generality for any mass m (in the domain of validity of dχPT), as long as the dilaton is in the p-regime. When also the pions are in the p-regime we arrive at the leading order result
For pions in the ǫ-regime we may expand e yv ≈ 1 + yv = 1 + O(ǫ 2 ), and to leading order we recover the universal result of Refs. [19, 20] . The O(ǫ 2 ) term coming from the expansion of e yv adds up to the other NLO corrections of ordinary χPT [38] [39] [40] [41] .
Note that because there are N c N f fermionic degrees of freedom, the condensate scales like N 2 in the Veneziano limit. Remembering that f 2 π scales like N, the correct scaling is manifest in Eq. (47) for p-regime pions. For a χPT derivation when the pions are in the ǫ-regime, see App. B.
VI. THE DIRAC SPECTRUM FROM dχPT
In this section we derive the microscopic limit of the spectral density of the massless Dirac operator, for fixed topological charge ν in dχPT, by connecting it to the results of Ref. [42] for standard χPT. Before considering dχPT we briefly review the general setup for computing the eigenvalue density of the massless, anti-hermitian Dirac operator.
The spectral density of the Dirac eigenvalues Λ k is given by
where m in the argument of ρ refers to the mass of the physical (i.e., sea) quarks entering the average. To compute the spectral density we first note that it can be written as the discontinuity across the imaginary axis in the m ′ plane, see e.g. Ref. [42] ,
where the partially quenched condensate is defined as
with m ′ a new parameter independent of m. The partially quenched condensate can be computed from the graded generating functional Z
where m ′ and m ′′ are the masses of respectively the valence fermionic and bosonic (or "ghost") quarks (for an introduction to the graded method in chiral perturbation theory, see Ref. [43] ). The advantage of expressing the eigenvalue density in terms of the graded generating functional is that the latter can be evaluated directly in the effective theory.
The microscopic limit of the spectral density is defined as
where u = ΛVΣ and µ = mVΣ, with Σ = f 2 π B π . This limit corresponds to the thermodynamic limit in the ǫ-regime, hence if Z (ν) N f +1|1 (m, m ′ |m ′′ ) is evaluated in the ǫ-regime it is automatically ρ s that is computed. In more detail, since the smallest eigenvalues of the Dirac operator are of order 1/V when chiral symmetry is broken [44] , and the valence-ghost sector is introduced to probe the smallest eigenvalues, we will always choose the valence and ghost quark masses m ′ and m ′′ in the generating functional to be of order 1/V. Therefore, also the associated pions are by construction in the ǫ-regime. It is important to notice that this requirement puts no restriction on the physical ("sea") quark mass m, and the sea pions can be either in the ǫ-regime or in the p-regime.
We will now show that the partially quenched partition function obeys a scaling relation generalizing Eq. (46), namely, 6
and a similar scaling relation follows for the spectral density Our reasoning leading to Eq. (53) was completely general. As an explicit check of the transition from Eq. (53) to Eq. (54), we consider the limit x = mVf 2 π B π e yv ≫ 1. In this limit, the ǫ-regime overlaps with the p-regime [19] , and all pion masses containing at least one sea quark will be large compared to pion masses containing only valence and ghost quarks, allowing us to treat those fluctuations as if they are in the p-regime. This limit is interesting, since present-day simulations of confining near-conformal theories are so far limited to sea pions in the p-regime [5] [6] [7] [8] [9] .
Assuming x ≫ 1 (as well as N f ≫ 1), we show in App. B that the partially-quenched generating functional of ordinary χPT factorizes,
Here x ′ = m ′ Vf 2 π B π e yv and x ′′ = m ′′ Vf 2 π B π e yv . As a result, the dilaton potential becomes
where h (33), and [42, 45] h (ν)
The minimum of the dilaton potential, v = v(m, m ′ , m ′′ ), is now determined by the saddlepoint equation
Using Eq. (58), it follows that the last term in Eq. (59) vanishes for m ′ = m ′′ . As expected,
v is now determined entirely by the sea-quark sector, corroborating the transition from Eq. (53) to Eq. (54).
VII. CONCLUSIONS
In this paper we have considered chiral perturbation theory extended to include a light dilatonic meson. This systematic low energy effective theory for QCD-like theories was introduced by two of us [12] and previously studied in the p-regime. Here we defined and studied the ǫ-regime of this effective theory. In this new counting the pions are in the standard ǫ-regime while the dilaton is in the p-regime, such that the dilaton potential is probed only close to its minimum. We have calculated the quark mass dependence of the effective potential, the dilaton mass, the topological susceptibility, the chiral condensate and the average spectral density of the Dirac operator. At leading order the universal results from ordinary chiral perturbation theory are recovered. The effect of the dilaton enters at the next to leading order in the ǫ-counting. In particular, we find that the dχPT condensate and spectral density are related to their χPT counterparts via a simple scaling of the quark mass by the quark-mass dependent classical solution of the dilaton potential. This scaling relation is valid for any sea-pion mass, including both the ǫ-regime and the p-regime.
The fact that, when the sea pions are in the ǫ-regime, the eigenvalue density of the Dirac operator at leading order is given by the universal result and that the effect of the dilaton only enters at next to leading order, could appear to be in contrast with the power law behaviour expected for a scale invariant theory, see e.g. Ref. [46] . However, note that we assume that chiral symmetry is broken spontaneously and hence, by the Banks-Casher relation, the eigenvalue density at the origin is non-zero. Furthermore, we assume that the dilaton is in the p-regime, and hence it is natural that the generating functional for the eigenvalue density is dominated by the much lighter sea (and valence) pions.
It would be most interesting to contrast the findings of dχPT against lattice studies of QCD-like theories. The advantage when considering the Dirac spectrum is that the smallest eigenvalues are naturally in the ǫ-regime, provided that the eigenvalue density is non-zero, as required through the Banks-Casher relation for spontaneous breaking of chiral symmetry.
Our scaling result for the spectral density is valid for sea pions in the p-regime as well, which is where all existing lattice studies have been carried out [15] . Contrasting the results from lattice studies with the results from dχPT may help clarify the nature of the additional light mode observed on the lattice.
where V cl is given by Eq. (20) , and x is defined in Eq. (32) . The right-hand side is to be evaluated at the new minimum of the dilaton potential, which now depends on θ. Since we are only interested in small θ we may approximate cos θ = 1 − θ 2 /2 + · · · . Writing the classical solution as
where v 0 = v 0 (m) is the solution for θ = 0, the correction is δv ∝ θ 2 . Finally we substitute the new classical solution back into Eq. (A1), and expand to second order in θ and to first order in δv. The linear dependence on δv vanishes, since it is proportional to saddle-point equation satisfied by v 0 (m), as we already saw in Sec. V D and Sec. VI. The result is
and Eq. (43) follows.
In order to evaluate Z (ν) ≡ Z (ν,dχPT) we start from
We again assume x ≫ N f , ν and perform similar steps, keeping only the O(θ 2 ) part in the exponential, except that we now also perform the θ integral, finding
The classical solution v 0 (m) for ν = 0 is the same as for θ = 0, and, defining δv again as in Eq. (A2), we now have a correction δv ∝ ν 2 . As before, when we substitute the solution back into Eq. (A5), there is no linear dependence on δv, hence
and Eq. (42) follows (with χ in Eq. (43)).
Appendix B: Some results for large N f and/or large x
We will make use of the following representation for the partition function of the partiallyquenched theory in ordinary χPT [47, 48] Z (ν)
Here k is the number of fermions (sea and valence), and n is the number of ghosts. We define J ν (z i ) = (−1) ν K ν (z i ) for i = 1, . . . , n, and J ν (z i ) = I ν (z i ) for i = n + 1, . . . , n + k. In order to use this representation the z i must be mutually different for i = 1, . . . , n, as well as for i = n + 1, . . . , n + k. Degenerate limits can be taken in the end.
We first show that h (ν)
N f |0 scales like N 2 in the Veneziano limit. In this case we need Eq. (B1) for n = 0, k = N f . The degenerate limit is z 1 = · · · = z N f = x, where x is given by Eq. (32) . It follows that the z i variables all scale like N (note the presence of f 2 π in Eq. (32)). Thus, for ν + j = O(1) we may use the asymptotic expansion of I ν+j−1 (z i ) for large argument, while for ν + j = O(N) we may use the uniform expansion for real variable [49] . Either way, we find that log A ij scales like N for any i, j, hence log detA = tr log A scales like N 2 , establishing a similar scaling for h (ν) N f . Finally, Eq. (44) implies the same scaling for the condensate.
We next prove that, for x ∼ N ≫ 1 the partially-quenched partition function Z (ν) N f +1|1 (x, x ′ |x ′′ ) factorizes, cf. Eq. (56). Once again, to apply Eq. (B1) we assume that the sea masses are non-degenerate, taking if desired the degenerate limit in the end. We have z 1 = x ′′ , z 2 = x ′ , and z i = x i−2 for i = 3, . . . , N f + 2. There are thus k = N f + 1 sea and valence quarks, and there is n = 1 ghost quark. We proceed by writing A in a block form,
where A is 2 × 2, B is 2 × N f , C is N f × 2, and D is N f × N f . Using that The last step is to consider the denominator in Eq. (B1). In the case of Z (ν) N f +1|1 , the first factor in the denominator trivially collapses to one. The second factor can be written more explicitly as
where on the right-hand side we used x i ≫ x ′ . In addition, noting that D is originally the diagonal block of A with index range i, j = 3, . . . , N f + 2, we have
where the new matrix D ′ is defined by
Putting it together we arrive at Eq. (56) with
where the final identification follows from the independence of the leading order asymptotic behaviour of the Bessel function on the index.
